We have investigated low Reynolds number flow past single dissipative-particle-dynamics particles ͑point centers of repulsion͒, their clusters, and their filaments using dissipative-particle-dynamics ͑DPD͒ simulations. The objective of our study was to verify whether DPD particles immersed in a sea of DPD particles behave like Langevin particles suspended in a continuous Newtonian fluid solvent, the basis of Brownian dynamics. Our principal test is to compare two effective DPD radii calculated by independent means. From the calculated coefficients of self-diffusion and viscosity the Stokes-Einstein equation yields an intrinsic radius, and from simulations of flow past a single fixed DPD particle a second radius is calculated from Stokes law. In the limit of small Reynolds number the two radii were found to approach each other. Hydrodynamic interactions were studied with Stokes flow past two DPD particles, and single DPD particles in bounded uniform flow and in-plane Poiseuille flow. Additional simulations examined closely spaced multiparticle clusters ͑straight-chains and hexagonal-packed aggregates͒. For all cases of rigid bodies the simulation results are in good agreement with predictions derived analytically from the continuum Stokes system. Elastic filaments, DPD-particle chains with bending resistance, were also simulated to examine hydrodynamically induced distortions, and the results show that the model captures the correct hydrodynamic interactions among filament beads.
I. INTRODUCTION
Particles suspended in a fluid phase are strongly affected by long-range hydrodynamic interactions characteristic of low Reynolds number flows. In many applications involving the transport of colloids, macromolecules, aerosols, filaments, and biomolecules such as DNA it is important to be able to understand the role of these interactions ͓1͔. The properties of these particulate systems are often determined by their mesoscale structures, i.e., structural features between the microscopic ͑atomistic͒ scale and the macroscopic scale, thus endowing complex fluids with uniquely interesting features ͓2͔. Recently developed experimental techniques allow for control, manipulation, and visualization of the dynamics of single particle entities as well as groups of suspended entities. However, in many applications it is not always feasible to measure precisely the desired properties of complex multicomponent suspensions. This motivates the need for new physical models together with computational techniques to simulate them, and thereby to understand the properties of such systems.
In general, the mesoscale structures to be modeled are too intricate to be handled by continuum computational fluid dynamics ͑CFD͒ techniques, while molecular dynamics ͑MD͒ is inappropriate at scales much beyond the atomistic. Several approaches to mesoscopic modeling are currently available, the most common being: Brownian dynamics ͑BD͒, the lattice Boltzmann method ͑LBM͒, and dissipative particle dynamics ͑DPD͒ ͓3͔. It is widely believed the latter is capable of mesoscopic simulations which include hydrodynamic forces. Although it is a simulation technique similar to MD, the basic DPD particles which represent the fluid are of mesoscopic scale rather than the molecule level of MD. Thus, individual DPD particles represent the collective dynamic behavior of a large number of molecules as "lumps" of fluid. In a number of examples, DPD simulations have been shown to compare well with the corresponding solutions of the continuum hydrodynamic equations. However, little is known about the smallest scales at which hydrodynamic behavior can be effectively captured. For example, in BD the standard model of a linear polymer is a chain of beads connected by spring forces. These chains are immersed in a continuous Newtonian solvent, and the spherical bead size can be inferred only through the friction constant together with the assumption of Stokes law. In DPD, linear polymers are represented as chains of DPD particles connected by the same spring forces, and they are immersed in a solvent of free DPD particles. It is important to know whether these are equivalent polymer solution models. Polymer melts are modeled with chains alone. In their DPD simulations of asymmetric block-copolymer melts, Groot et al. ͓4͔ found that hydrodynamic interactions played a dominant role in the microphase transition to the hexagonal phase. However, recently Horsch et al. ͓5͔ arrived at contrary conclusion that the formation of the hexagonal phase could occur with or without the inclusion of hydrodynamics. This work does not include polymer chains, but it does examine the apparent hydrodynamic behavior of individual DPD particles. In order to infer the equivalence of DPD particles and BD beads it is necessary to introduce an intrinsic scale for the DPD particles. Here, the DPD particles length scale is taken to be the Stokes-Einstein radius R SE derived from the product of the coefficients of self-diffusion and viscosity of the DPD fluid.
Several studies of flow past spheres or flow of particle suspensions emphasize the importance of hydrodynamic in-teractions. For instance, Koelman and Hoogerbrugge ͓6͔ employed DPD to investigate the flow of a suspension of solid spheres under steady shear, and Boek et al. ͓7, 8͔ used DPD to measure the rheological properties of colloidal suspensions of spheres and rods. However, no convincing evidence exists to show individual DPD particles can interact at the R SE scale to correctly simulate hydrodynamic interactions characteristic of low Reynolds number ͑Stokes͒ flow. Previous studies have assumed that DPD particles, point centers of repulsion, have no intrinsic size, and hence ab initio that the sphere size is prescribed by the creation of a structure of frozen DPD particles. Chen et al. ͓9͔ used DPD to simulate Stokes flow past a sphere constructed from 452 fixed DPD particles surrounded by a fluid of free DPD particles, and their simulations gave very good agreement with the Stokes law. However, the radius of their sphere was more than 10 times R SE .
In this paper our initial investigations focus on the classic low Reynolds number flows past single fixed particles and groups of them in ͑1͒ unbounded uniform flow past a single fixed particle; ͑2͒ bounded uniform flow past a fixed particle set close to one boundary; ͑3͒ Poiseuille flow past a fixed particle; ͑4͒ unbounded flow past two fixed particles aligned with and perpendicular to the streamlines, respectively. Then for spheres of radius R SE with a fixed DPD particle at their centers we investigate ͑5͒ unbounded uniform flow past straight chains of spheres, ranging from 2 to 15 diameters, perpendicular the flow direction; ͑6͒ unbounded uniform flow past hexagonal-closed-packed aggregates, ranging from 3 to 13 spheres. In addition, we address a more complex phenomenon: That of an elastic filament, suspended in a solvent, under the action of a uniform force ͑e.g., gravity, centrifugal͒, and whose deformation and bending appears to be in response to both the hydrodynamic interactions ͓10͔ and thermal fluctuations.
The paper is organized as follows. In Sec. II we describe the DPD method employing the original thermostat ͓11,12͔ and the Lowe-Anderson thermostat ͓13͔, and also we present the filament model. Section III contains investigation of the classic flow problems past a single particle. The flow past a cluster of particles is presented in Sec. IV. Section V presents results for the hydrodynamic induced deformation of an elastic filament. We conclude in Sec. VI with a brief discussion.
II. DPD FORMULATION
Dissipative particle dynamics is a mesoscopic simulation method introduced by Hoogerbrugge and Koelman ͓3͔. Unlike MD, each DPD particle represents a cluster of atoms or molecules rather than an individual atom, and can be considered as a soft fluid volume. However similar to MD, the DPD system consists of N-point particles of mass m i , position r i , and velocity v i .
A. DPD governing equations
DPD particles interact through three pairwise-additive interparticle forces: Conservative, dissipative, and random forces defined, respectively, as
where r ij = r ij / r ij , and v ij = v i − v j . The coefficients ␥ and define the amplitude of the dissipative and the random forces, respectively. In addition, D and R are weight functions, and ij is a normally distributed random variable with zero mean, unit variance, and ij = ji . The forces in DPD vanish beyond the cutoff radius r c , which defines the length scale. The conservative force assumes a linear profile given by
where a ij = ͱ a i a j and a i , a j are conservative force coefficients for particles i and j, respectively. The DPD thermostat consists of random and dissipative forces which maintain the equilibrium temperature T, through the fluctuation-dissipation theorem to be satisfied
where k B is the Boltzmann constant, and the weight function is given by
ͮ ͑4͒
where k = 1 for the original DPD method. However, other choices ͑e.g., k = 0.25͒ for these envelopes have been used ͓14-16͔ in order to increase the viscosity and the Schmidt number of the DPD fluid. The Schmidt number is defined as Sc= D , where is the shear viscosity of the fluid, is the density, and D is the coefficient of self-diffusion.
The time evolution of velocities and positions of particles is determined by Newton's second law of motion similarly to the MD method, which is integrated using the modified velocity-Verlet algorithm ͓12͔.
B. Lowe-Andersen thermostat
The soft potential used in DPD does not transport momentum as efficiently as the Lennard-Jones interparticle potential used in MD. Thus, the intrinsic viscosity of the system is of order of the diffusivity which yields a gaslike Schmidt number of order O͑1͒ ͓12,16͔ in contrast to Scϳ O͑10 3 ͒ characteristic of liquids. Taking exponent k to be less than 1 in the definition of the weight function ͓Eq. ͑4͔͒ yields Sc ϳ O͑10͒, a value still two orders of magnitude lower than that of real liquids, and thus may have a significant effect on the hydrodynamic interactions exhibited by the fluid.
An alternative means to increase the viscosity and the Schmidt number of DPD fluids was proposed by Lowe ͓13͔. His approach employs the same conservative forces F ij C , but defines a new thermostat without explicit dissipative and random forces. Lowe's method employs the Andersen thermostat ͓17͔, which periodically corrects particle velocities using the Maxwellian velocity distribution. Unlike the Andersen method, Lowe's replaces the relative velocities v ij of particle pairs with new velocities drawn from the Maxwellian distribution. The relative velocity exchange of each particle pair is performed at every time step with probability ⌫⌬t, where ⌫ is a "bath collision" frequency and the time step ⌬t is set in the simulation. In the limiting case of ⌫⌬t = 1 thermalizationdissipation occurs at every time step for all particle pairs examined. The Lowe-Andersen thermostat substantially enhances the fluid's viscosity compared to the standard DPD thermostat described above, and this allows liquidlike Schmidt numbers to be realized for the DPD fluid. A detailed overview of the performance of available thermostats and integration schemes is given in ͓18͔.
The DPD method with the Lowe-Andersen thermostat ͑referred as the Lowe's method herein͒ appears to be superior in simulations where hydrodynamic interactions are of great importance. However, the Lowe-Andersen thermostat inherits some known problems of the Andersen thermostat, such that it affects the thermal transport properties. Recent work by Koopman and Lowe ͓19͔ showed that the LoweAndersen thermostat performs much better than the Andersen thermostat, and can be considered to have a negligible effect on the transport properties for values of ⌫ up to several hundred. Our work employs values of ⌫ well within that range. In addition, it is not clear for the Lowe's method how to accurately impose the no-slip boundary condition for wallbounded systems, and this limits its application to essentially periodic domains.
C. Filament model
The filament is modeled as a chain of N f beads ͑DPD particles͒ connected by FENE/LJ springs. FENE/LJ spring has an attractive FENE potential and repulsive-attractive Lennard-Jones ͑LJ͒ potential as follows:
where r max is the maximum spring extension, k s is the spring constant, and are the energy and length parameters, and r ij is the distance between two connected beads. When the distance between two connected beads approaches r max , the potential U FENE yields an infinite force, and thereby limits the maximum extension to be less than r max . Here we add the LJ potential to the FENE spring because the FENE alone, being attractive, would yield a zero equilibrium distance between two connected beads. However, in combination with the LJ repulsive potential a nonzero equilibrium length can be implicitly imposed. A bead-spring chain is the usual representation of a flexible polymer. However, while similar to a flexible chain, a filament also has bending resistance. This is incorporated into the chain model with a bending resistance in the form of "angle" bending forces dependent on the angle between two consecutive springs. The bending forces are derived from the COS bending potential given by
where k b is the bending stiffness and is the angle between two consecutive springs.
III. FLOW PAST A SINGLE PARTICLE
Here we investigate whether a single DPD particle, immersed in a fluid composed of identical DPD point particles, responds statistically as if the latter were a continuum exerting upon it the hydrodynamic forces implied by such behavior. This hypothesis will be tested by DPD calculations of the resistance exerted on a single, stationary DPD particle when the remaining particles move past it under macroconditions corresponding to low Reynolds number flow. Once the force on the stationary particle and the streaming velocity of the moving particles are determined, the assumption of Stokes law together with a measured viscosity yields a hydrodynamic particle radius R S . A measurement of the coefficient of self-diffusion allows an alternative radius R SE to be calculated independently by means of the Stokes-Einstein equation; these radii are given by
where D ϱ is the diffusion coefficient of a particle subject to Brownian motion in an unbounded domain, and is the shear viscosity of the surrounding fluid. In Stokes law, U ϱ is the streaming velocity in an unbounded domain. The resistance coefficient C is determined by the hydrodynamic boundary conditions ͑BCs͒ on the surface of the particle, assumed to be a sphere. Einstein derived his relation for solid spheres ͑C =6͒ upon whose surfaces the solvent adheres. For simulations of particle models, the diffusion coefficient is calculated from displacement data obtained from an equilibrium simulation using the long-time, mean-square displacement ͑MSD͒ relation of Einstein, but without the assumption of the surface BC, as
where ͗¯͘ represents the ensemble average, and r͑t͒ − r͑0͒ is the particle position at time t relative to its initial position. Einstein and those who followed ͑see Moelwyn-Hughes ͓20͔͒ assumed C = 6 corresponding to Stokes law. Here we note that what is calculated from MSD is CD ϱ , and therefore on the basis of such information the radius R SE as determined from the Stokes-Einstein relation ͑7a͒ is independent of the sphere's surface boundary condition. This suggests that simulations which measure the drag force on a particle as a function of the streaming velocity can yield the resistance coefficient C if R S is equated to R SE in Eq. ͑7b͒. In contrast, measured diffusion coefficients of binary molecular mixtures are derived from concentration measurements, and when combined with radii derived independently from molar volumes yield estimates of C from the Stokes-Einstein equation.
Li and Chang ͓21͔ showed that for molecules having approximate spherical symmetry 6 ജ C ജ 4, where the upper bound is appropriate for diffusing species much larger than the solvent molecules while the lower bound, corresponding to perfect slip BC's, holds as the sizes approach each other, i.e., self-diffusion. In the latter case no clear theoretical grounds exist for the limitations of the Stokes-Einstein equation since the theory of Brownian motion is based on mesoscopic particles dispersed in a continuous solvent. However, a limitation is suggested when the diffusing species is smaller than the solvent molecules, and then C is found to be less than 4, the lowest possible hydrodynamic value for an impenetrable sphere. Figure 1 shows the equilibrium, radial distribution function g͑r͒ for the DPD particles of this work plotted as a function of the dimensionless argument r / R SE . The area to the left of the vertical line r = R SE is about 0.5% of the total area under the curve. This implies that the "Stokes-Einstein" sphere is nearly impenetrable with only a small fraction of the total binary collisions occurring within it.
The DPD simulation of streaming past a body in unbounded Stokes flow involves the same difficulties as is encountered in the physical experiment, namely inertia and long-range wall effects. The latter are expressed by the general velocity-correction formula for a specified force ͑Happel and Brenner͒ ͓22͔ as
where U is the streaming velocity in the bounded domain when F is the drag force. The dimensionless wall-effect tensor k is determined solely by the boundary conditions and the shape of the container. The wall effect is usually presented as a force correction with the velocity taken as U ϱ . By means of the formal Green's function solution, Williams ͓23͔ gave a direct derivation of Eq. ͑9͒ by solving the inverse problem, i.e., F specified with U to be determined. Caswell ͓24͔ extended the result to non-Newtonian fluids where is then the zero shear-rate viscosity, and U ϱ is a nonlinear function of F. The higher order terms generally depend on the boundary conditions and shapes of both the container and the body. As the Reynolds number increases from zero, inertia effects gradually obliterate the O͑1 / L͒ wall correction and replace it with the Oseen linear correction ͑Happel and Brenner͒ ͓22͔ for an unbounded domain.
A. Simulation parameters
The DPD parameters used in the simulations are summarized in Table I , where n is the number density and a is the conservative force coefficient. The exponent k ͓Eq. ͑4͔͒ of the DPD thermostat was given two values, 0.25 and 1.0, and the Lowe-Andersen thermostat parameter ⌫ was varied from 10 to 150. The shear viscosity of the DPD fluid was determined by the reverse Poiseuille flow ͑RPF͒ method of ͓25͔. Since all the DPD particles are identical, Eq. ͑8͒ yields the coefficient of self-diffusion when applied to equilibrium displacement data. The statistically best values are found by averaging over all particles in the simulation box of size 10. To verify that these values are independent of box size, the equilibrium simulations were repeated in a box of 2 times the size, and the resulting coefficients were found to differ by less than 0.5%. and at least part of the deviations can be attributed to statistical errors in the calculation of the fluid's viscosity and selfdiffusion coefficient. In these simulations only the thermostat parameters are varied while the DPD conservative pairwise interactions are held constant. This suggests that R SE is determined solely by the latter. In fact, it is known that the equilibrium fluid structure is fully characterized by the radial distribution function ͑RDF͒ ͑see Fig. 1͒ which is independent of the thermostat employed, and is identical for the fluids of Table II whose common property is their conservative force coefficient. Hence R SE is an appropriate length scale for normalization of the argument of g͑r͒ in Fig. 1 .
B. Flow past a periodic array of particles
We consider flow through a periodic array of spherical particles forming a cubic lattice with spacing L. For this configuration Hasimoto's ͓26͔ calculation of the effect of the neighboring lattice particles can be written in the form of Eq. ͑9͒ as
In the simulation, a single DPD particle was held stationary at the center of a cubic periodic domain ͑L =10͒ and the remaining free particles were driven in the x direction by application of a constant force acting on each of them. The drag force F exerted on the stationary particle was measured, and for the free particles an average superficial streaming velocity U was calculated from
where ͗u͑x , y , z͒͘ is the local time average free-particle velocity in the x direction and V is the domain volume. Dent ͓27͔ showed this average to be the sedimentation velocity when the particle is driven through a stationary fluid by a constant body force. The cubic lattice array was sized to ensure that only the linear correction of Eq. ͑10͒ was significant. This was verified by doubling the lattice dimension. Here, the particle Reynolds number Re is based on a sphere of radius R SE , and is defined by
where =3U ϱ / 2R SE is the equatorial hydrodynamic shear stress derived from the Stokes solution of flow past a sphere ͑C =6͒ with volume v = 4 3 R SE 3 , and mass m. The second equality is a consequence of elimination of R SE with the Stokes-Einstein relation ͑7a͒. The Peclet number ͑Pe͒ then expresses the strength of the continuum friction velocity u * relative to the thermal velocity U th .
Very small values of this Pe indicate the dominance of thermal fluctuations, and that continuum quantities derived from statistical averages will require an economically infeasible number of samples to achieve the necessary accuracy. An alternative interpretation is that as Pe→ 0 the DPD particle no longer responds hydrodynamically as a solid sphere of radius R SE . For any DPD fluid an upper bound on the maximum flow velocity, or equivalently on Re and Pe, is imposed by the fluid's compressibility. The speed of sound c calculated from the isothermal compressibility for the fluids of Thus, within these constraints, our simulation system is equivalent to the classical Stokes experiment in an unbounded domain since it yields the measured force F on the fixed particle and the streaming velocity U ϱ , calculated with Eq. ͑11͒ and corrected for the periodic images with Eq. ͑10͒. None of these steps requires an a priori assumption of the radius, and hence the calculation of the hydrodynamic radius R S from Stokes law ͑7b͒ yields a value independent of the Stokes-Einstein radius R SE .
To discover the relation between the Stokes-Einstein radius R SE , computed from Eq. ͑7a͒ and the Stokes R S computed from ͑7b͒, we compare them in different Reynolds number ranges as listed in Table III . The difference ͑%͒ in Table III is the fractional discrepancy of R S relative to R SE . With decreasing Re number this discrepancy was found to vanish, and these radii approach the common value of 0.206 for ReϽ 0.002. Table II͒ are plotted as open symbols, Maxworthy's experimental data ͓28͔ as dots, and the Oseen approximation as a dashed line. The horizontal solid lines at C s = 6 and 4 represent Stokes law for sphere surface BCs of no-slip and of perfect slip, respectively. The computed values of C s asymptotically approach the Stokes law value of 6 as Re→ 0 with different fluids covering regions of the Re number range. This indicates that the "Stokes-Einstein" sphere centered on the fixed DPD particle behaves hydrodynamically as a solid sphere with no-slip surface BC's. Maxworthy ͓28͔ designed his experiments with wall corrections to be Ͻ0.2%, and hence ignored them in his data reduction. As stated above the correction O͑1 / L͒ in Eq. ͑9͒ diminishes with increasing Re, and is replaced with the Oseen inertia correction for an unbounded domain. In Fig. 2 for ReϾ 0.1 the Stokes correction for the lattice images, Eq. ͑10͒, has been omitted and our results are in good agreement with both C. Wall-bounded flow past a single particle
In the preceding section we provided evidence that a single DPD particle, placed in a periodic lattice, exhibits Stokes law of resistance after the streaming velocity is corrected for hydrodynamic interactions of neighboring lattice particles, i.e., the periodic images. Here we investigate whether the hydrodynamic interactions due to solid-wall boundaries can also be accounted for in a similar manner. We studied the analog of wall-bounded Stokes flow past a sphere as shown in Fig. 3 . The parallel walls are located at z = 0 and z = H = 8 in DPD units, and a single DPD particle is fixed at h = 1.5 above the lower wall. The domain size in the other two directions was set at L x = 15 and L y = 6, where the x axis lies in the flow direction. The domain dimensions were chosen in accord with Chen et al. ͓9͔ , who showed that the effect of periodic images is negligible when the ratio of the computational domain size to the effective radius of the sphere satisfies L x / R ജ 60 and L y / R ജ 6.6. They also showed that when the distance between the sphere from the upper wall exceeds 14 sphere radii the interactions with the upper wall can be neglected. In the setup of Fig. 3 the ratio H−h R is approximately equal to 31, and thus well within the criterion of Chen et al. ͓9͔ . The computational domain is periodic in the x and y directions. A uniform flow was generated by setting nonzero velocity of U = 0.04 an both walls. This determines the particle Reynolds number to be 0.0318. Except for the drag force along the flow direction, other forces were found to be negligible, and thus consistent with Stokes flow. The analytical solution of the drag force for a sphere moving parallel to a wall in Stokes flow is known in powers of s = R SE / h ͓22͔. The inversion of this expansion for the velocity U ϱ is then
The first correction term here is independent of R SE as expected from Eq. ͑9͒, and thus the result is weakly dependent on assumed radius. Two different no-slip wall boundary conditions were tried, and these preclude the use of the LoweAnderson thermostat. Hence fluid 7 ͑see Table II͒ was used in the simulation since its Sc is the highest for the regular DPD method which is adaptable to the wall boundary conditions. First, we adopted the force boundary condition ͑FBC͒ of Pivkin and Karniadakis ͓29͔ in which several wall layers of uniformly distributed DPD particles are frozen in combination with bounced-back reflection at the interface. Repulsive interactions from the wall particles are adjusted according to the fluid and wall density fluctuations. Second, the equilibrium boundary condition ͑EBC͒ of Fedosov et al. ͓15͔ was used as an alternative no-slip boundary condition, which is known to suppress the density fluctuations near the wall. This boundary condition again uses frozen wall particles and the bounce-back reflection at the interface. Instead of adjusting the conservative force coefficient, a normal force is exerted on the near-wall particles which is calculated from numerical integration of the product of the conservative force and the RDF over the spherical cap outside the fluid domain to compensate for the imbalance of repulsive forces from the surrounding fluid region. In addition, an adaptive wall shear procedure was employed to enforce no-slip. The DPD simulations yield F and with U specified Eq. ͑14͒ gives U ϱ which yields C S , and Table IV displays C S / 6 which should be unity. Results for uniform flow show that the EBC condition of Fedosov et al. ͓15͔ yields a result substantially closer to unity. An additional test of wall-bounded flow consists of a single particle fixed in Poiseuille flow as depicted in Fig. 4 . The channel gap is H = 8, and the particle is placed Again the first correction term here is independent of R SE as expected from Eq. ͑9͒. The two no-slip wall BC's described above were again tried. The simulations yield F and with u͑h͒ specified then Faxen's expansion ͑15͒ gives U ϱ from which in turn yields C S / 6= F 6R SE U ϱ tabulated in the second column of Table IV . It is clear from this table that the EBC wall boundary condition captures the hydrodynamic interactions with considerably better accuracy than the FBC. This is not surprising in view of the demonstrated capability of the EBC condition ͑Fedosov et al. ͓15͔͒ to suppress wall density fluctuations. At the molecular level, and hence in MD, density fluctuations may be a realistic feature, but if DPD fluids are to mimic the mesoscopic level then the above results suggest that density fluctuations need to be suppressed at solid boundaries. It should be noted that in Table IV the value of s is only about 0.1 which means that the first velocity correction term is dominant in both the expansions ͑14͒ and ͑15͒.
IV. FLOW PAST SEVERAL PARTICLES AND THEIR CLUSTERS
In this section we address two well-known aspects of Stokes hydrodynamics, namely far field interactions between spheres, and the resistance of clusters of touching spheres. First, we examine the interactions in uniform flow past two fixed DPD particles with their line of centers perpendicular to and along the flow, respectively ͑Fig. 5͒. Second, we verify that chains and clusters of DPD particles located at the centers of "spheres" of radius R SE exhibit drag forces which closely match the known hydrodynamic drag in the Stokes regime ͑Fig. 6 and 7͒. In the first stage of correction of streaming velocities calculated from Eq. ͑11͒ the two fixed particles with separation h are treated as a single-body subject to the sum of the forces on each. As in the case of single particles, the periodic image effect is corrected with Hasimoto's equation ͑10͒. The result is the streaming velocity U past the composite body in an unbounded domain. The forces on each particle were found to be statistically equal consistent with Stokes flow. For streaming flow past two equal spheres perpendicular to their line of centers the Stokes hydrodynamic drag force on each one is given in ͓͑22͔, p. 267͒ as an expansion in powers of s = R SE / h. The inverse expansion yields the streaming velocity U ϱ on a single sphere in an unbounded domain, in the form of the general "wall correction" equation ͑9͒ with higher order terms whose coefficients depend on the no-slip BC on the spheres which are free to rotate, i.e.,
When the spheres touch and form a cluster with s =1/ 2, the entire series is summed ͓͑22͔, p. 272͒, to give U ϱ = U, = 0.694 ͑free rotation͒, 0.716 ͑no rotation͒. ͑17͒
For streaming flow past two equal spheres parallel to their line of centers, case ͑b͒, the inversion of the drag force expansion given in ͓͑22͔, p. 259͒, and the cluster limit s =1/ 2 ͓͑22͔, p. 272͒, respectively, yield 
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For the small s, in expansions ͑16͒ and ͑18͒ the leading correction terms are independent of the surface BC's on the spheres and the absence of O͑s͒ terms is a consequence of the symmetry of the configurations and not of the surface BC's. Hence, the higher order terms are not a sensitive test of the surface BC's, and a more stringent test is provided by the formation of clusters of touching spheres.
DPD simulations for the two cases carried out and the separation distance is varied from 2R SE to 7R SE . Fluids 3 and 5 ͑see Table II͒ were used for this test to ensure low Reynolds number flow for comparison with analytical Stokes flow equations ͑16͒ and ͑18͒. Tables V and VI present DPD simulation results for C s / 6 whose departure from unity measures how well the DPD system captures hydrodynamic interactions calculated from the Stokes system, Eqs. ͑16͒ and ͑18͒. The DPD simulations are generally in agreement with the hydrodynamic interactions derived from the Stokes system, Eqs. ͑16͒ and ͑18͒. As might be expected, C s / 6 is closer to one as the separation h increases. For the Stokes system flow perpendicular to the line of centers the flow imposes a torque if the spheres are constrained, or a rotational velocity if they do not support a torque. The DPD particles of this work cannot support a torque since all forces acting on them are central. This rotation is very weak at large separations, and most pronounced when the spheres touch to form a cluster. It is not obvious why the "no rotation" C s / 6 in Table V is closer to one. Given that DPD particles are point centers of repulsion it is remarkable that the clusters should be as close to one as they are. For touching spheres the corrections to Stokes law, Eqs. ͑17͒ and ͑18͒, are about 30%; our results show that the DPD system can account for most of it. The simple picture of a DPD particle behaving hydrodynamically like a sphere may be reasonable for nearly unbounded domains, but it is surprising that when two such "spheres" touch that this picture should hold up almost as well. These apparent spheres are not inpenetrable, nor must they remain spherical.
Flow past clusters of spheres. Uniform flow past particle clusters in an unbounded domain is considered for two types of sphere assemblies. Figure 6 shows five particles forming a chain of particles perpendicular to the flow direction. The separation distance between two consecutive particle centers is 2R, so that the spheres touch at points on their diameters. The second type of assembly consists of the hexagonal closepacked aggregates of spheres ͓1͔ shown in Fig. 7 for different numbers of particles. The dimensionless drag on the clusters, similar to C S , is the aggregate dynamic shape factor K s defined in ͓1͔ as
where R eq = ͚͑ j R j 3 ͒ 1/3 is the radius of a single sphere whose volume is the sum of volumes of the spheres in the cluster, and R j is the radius of each of those spheres. Note that F is the drag force exerted by the flow on the whole cluster. Here, the Reynolds number is now given as Re= 2UR eq , where U is the streaming velocity of the flow defined in Eq. ͑11͒.
DPD simulations were carried out for the clusters of Figs. 6 and 7 which were held stationary in uniform flow. A fixed DPD particle was located at the center of each sphere whose radius R j was set equal to R SE . Fluid 5 ͑see Table II͒ was used to attain the smallest possible Re. The periodic simulation box was made large enough to render negligible the effect of periodic images. Table VII Hinsen ͓32͔ , and values by Lasso and Weidman ͓33͔, in experiments which they measured the sedimentation of hexagonal close-packed aggregates in a silicone oil. The number of particles N is varied from 3 to 13. The difference ͑%͒ in Table VIII is the percent difference between the DPD and the experimental values. The DPD results agree well with the MEM, the theoretical and the experimental results.
V. HYDRODYNAMIC INDUCED DEFORMATION OF AN ELASTIC FILAMENT
A single elastic filament immersed in a solvent experiences a deformation under a uniform force ͑e.g., gravity, centrifugal͒, which is induced by the solvent's hydrodynamic interactions. Lowe et al. ͓10͔ employed the "shish kebab" model ͓34͔ to study hydrodynamic induced deformation of an elastic filament. They modeled a filament as a set of beads connected by the rigid rods with fixed interbead distance. The filament beads were subject to hydrodynamic forces from an implicit solvent. The elasticity of an isotropic thin rod can be described by its elastic energy as
where C͑s͒ = ͉ ‫ץ‬ 2 r ‫ץ‬s 2 ͉ is the local curvature, k r is the bending stiffness, and L is the contour length. The filament subject to a uniform force field F experiences bending due to the hydrodynamic friction being larger at the filament ends compared to the middle. In addition, a filament yields to a certain shape and moves with a constant velocity ͓10͔ when the steady state is reached. Different shape regimes can be characterized by the nondimensional force given by
For values of B Ͻ 50 filaments distort slightly, and remain essentially straight lines. Values of 50ഛ B Ͻ 100 correspond to a "V" shape of the filament and linear elastic response. For B ജ 100 the filament takes the rounded "U" shape and a nonlinear elastic response. For even higher values of B Ͼ 2000 the filament assumes quasistable shapes similar to the letter "W" and a horse shoe. Finally, in case of B Ͼ 4000 the filament shape becomes unstable.
A. Simulation parameters
We model a filament as a chain of N f DPD particles ͑beads͒ connected by FENE/LJ springs ͓Eqs. ͑5a͒ and ͑5b͔͒. In addition, the elastic filament is subject to bending energy ͓Eq. ͑6͔͒. Table IX summarizes the filament parameters used in the DPD simulations. A large value of k s yields a stiff spring which serves as a good approximation to a rigid rod connection with nearly constant interbead distance. The filament was immersed in a solvent corresponding to the fluid 5 in Table II . The temperature k B T of the DPD system was set at either 1.0 or 0.1. The computational domain was periodic in all directions.
A filament is driven by a constant body force f which is applied to all filament beads. In order to have zero total force on the DPD system, each solvent particle is subject to the constant force f s =− 
B. Simulation results Figure 8 shows the bending amplitude A as a function of the dimensionless force B for temperatures 1.0 and 0.1. The bending amplitude is calculated as the maximum length of the filament in the direction of the applied force based on both ends 1 and 2, respectively. The filament in DPD simu- lations is not symmetric because the symmetry is destroyed by thermal fluctuations and the particle nature of the solvent.
The DPD results agree well with those of ͓10͔. However, we find a discrepancy for B Ͻ 200 in case of k B T = 1.0, and for B Ͻ 30 in case of k B T = 0.1. The discrepancy can be explained by the presence of thermal fluctuations in the DPD system compared to Lowe's fluctuation-free simulations. The effect of thermal fluctuations is important at low filament bending, when torques due to hydrodynamic interactions are comparable with the thermal noise in the system. The torque on the filament ends, T ends , is proportional to f⌬l, because it is applied at approximately the interbead distance due to the fact that the end beads are subject to stronger friction forces proportional to f. On the other hand, we have thermal fluctuations characterized by the system temperature as T temp = k B T. The ratio R therm of the above energies characterizes the importance of thermal fluctuations and is given by ͓10͔ for values of R therm Ͼ 2. However, when R therm Ͻ 2 the thermal fluctuations dominate over hydrodynamic interactions which explains the discrepancy in the results. In addition, differences are expected due to the nonrigid interbead connections which result in altered hydrodynamic interactions compared to the rigid ones. Figure 9 presents results of the perpendicular friction coefficient calculated as ␥ = fN f / v for different B for the case of k B T = 0.1, where v is the calculated average velocity of a filament. The friction coefficient of the stiff filament was obtained from the simulation where the filament is fixed and the flow is driven perpendicular to the filament. We find good agreement with the results of Lowe et al. ͓10͔ . The discrepancy for the range of B Ͻ 50 is mainly due to the effect of thermal fluctuations described above. Some differences might be also due to the nonrigid interbead connections and the effect of periodic images of the filament inherent with periodic boundary conditions. In addition, the described shapes are consistent with those in ͓10͔ based on the magnitude of the nondimensional force B. However, here the symmetry is broken due to the presence of thermal fluctuations.
VI. SUMMARY
The aim of this work has been to demonstrate that single DPD particles and collections of them exhibit interactions in agreement with forces calculated from continuum hydrodynamic equations. Since DPD particles are point centers of repulsion, the comparison between the DPD interactions and their hydrodynamic counterparts can only be made by the introduction of an intrinsic particle size. The hypothesis of this paper is that each DPD particle can be thought of as a sphere with radius given by the Stokes-Einstein ͓Eq. ͑7a͔͒ value R SE derived from the coefficients of self-diffusion and viscosity. The validity of the hypothesis was tested with statistical calculations of the hydrodynamic radius R S derived from Stokes drag law for single particles and collections of them. The first test corresponds to the classical Stokes flow past a sphere. A uniform flow was driven past a stationary DPD particle while the streaming velocity and the drag on the particle were measured as statistical averages. After correction of the streaming velocity for the periodic images, it was found that R S approaches R SE in the limit of small Reynolds number, and that the Stokes drag coefficient C S calculated with R SE is in good agreement with Oseen's drag law for Re number up to O͑1͒, provided the Schmidt number is not in the gaslike regime. Because wall and particle interac- tions were calculated from velocity corrections no a priori assumption of R S was required to calculate it from Stokes law. Wall-particle hydrodynamic interactions were investigated by placing near a solid wall a single DPD particle immersed in uniform and in Poiseuille flow, respectively. This test required the simulation of the no-slip boundary condition on the walls, and for this two schemes were tried. Of the two it was found that the hydrodynamic interactions were captured with much better accuracy with Fedosov's ͓15͔ EBC scheme which has a superior control of density fluctuations near the walls.
Interparticle interactions were investigated with two separated particles aligned perpendicular to and along the uniform flow direction. Stokes hydrodynamic interactions were used to correct the streaming velocity to yield C S values in good agreement with Stokes law for large separations, and fair agreement even when the "spheres" touch. Next, we considered two types of particle clusters subject to uniform flow: Chains of 2-15 DPD particles set perpendicular to the flow, and the hexagonal close-packed sphere aggregate of 3-13 particles. Here, the drag is characterized by the aggregate dynamic shape factor. The simulation results agree well with other numerical results and fairly well with the experimental values.
Finally, we studied a more complex system, namely an elastic filament under the action of a uniform force. The filament consists of a chain of DPD particles connected by springs and is also subject to bending resistance. Our results of the bending amplitude and friction coefficient are in good agreement with the results obtained by a purely hydrodynamic model where interactions are explicitly enforced. Since the DPD system includes thermal fluctuations the chain deformations of our simulations depart from those of the purely hydrodynamic model in the lower range of the uniform force.
The results of this work suggest that in a system of DPD particles, single particles taken as "spheres" with radii derived from the Stokes-Einstein relation respond hydrodynamically like solid spheres immersed in a continuous fluid consisting of the remaining particles. Assemblies of DPD particles interact with each other and with container boundaries in accord with the forces of interaction derived from the hydrodynamics of viscous flow.
The above results support the use of DPD particles as building entities of mesoscopic systems such as particle suspensions, macromolecules, cells, and biomolecules. The advantages of the DPD method can be appreciated by considering the common model of flexible polymers, widely studied in BD, which consists of chains of beads ͑Langevin spheres with radii determined by a friction coefficient͒ connected by springs. An equivalent bead-spring representation of a polymer is to replace the Langevin beads with DPD particles centered in Stokes-Einstein spheres. In the modeling of polymer solutions, the singular advantage of the latter is that hydrodynamic interactions are determined implicitly in the solution of the DPD particle equations. In contrast, the immersion of Langevin beads in a continuous solvent requires hydrodynamic interactions to be determined explicitly by solution of the hydrodynamic equations in very complex geometries. A detailed comparison of performance of DPD with other mesoscale simulation methods might be the subject of our future research.
